We give characterizations of stable scaling functions with compact band regions, which have the oversampling property.
Introduction
Let {V j } j∈Z be an MRA(multiresolution analysis)(cf. [6] ), where each V j is a closed subspace of L 2 (R) such that (i)
and ∩ j∈Z V j = {0}; (ii) f (t) ∈ V j if and only if f (2t) ∈ V j+1 ; (iii) there is a stable or an orthonormal scaling function φ(t) ∈ V 0 such that {φ(t − n)} n∈Z is a Riesz basis or an orthonormal basis of V 0 , respectively.
For example, when φ(t) = sinc t := sin πt πt is the cardinal sinc function, V j = PW 2 j π is the Paley-Wiener space of signals band-limited in [−2 j π, 2 j π]. In this case, the classical Shannon sampling theorem (cf. [8] ) says that f (t) = n∈Z f (n) sinc(t − n), f (t) ∈ PW π .
When φ(t) is a real-valued orthonormal scaling function of an MRA {V j } j∈Z satisfying the decaying property φ(t) = O((1 + |t|) −r ), r > 1, Walter [13] proved that there is a Riesz basis {S (t − n)} n∈Z of V 0 such that the regular sampling expansion
holds on V 0 if and only ifφ * (ξ) := n∈Z φ(n)e −inξ 0 on R. Noting that the Shannon scaling function sinc(t) does not satisfy the decaying property required by Walter [13] , many authors extended the result in [13] by relaxing constraints imposed on the scaling function φ(t) (see [1] , [4] , [10] , [11] , [16] , [17] ). On the other hand, when the sampling expansion (1) is not possible, one may try the oversampling expansion (cf. [2] , [12] ) where N(≥ 1) is an integer. In particular, if the reconstruction function S (t) in (2) is the scaling function φ(t) itself so that
then we say that φ(t) has the oversampling property of rate N(≥ 0) (or the sampling property when N = 0). Walter [14] considered the oversampling property of rate 1 for a class of orthonormal scaling functions satisfying
−s ) for some s > 1. Continuing Walter's work, Xia [15] (see also [16] ) considered the oversampling property for a real orthonormal scaling function of an exponential decay. On the other hand, Chen and Itoh [3] claimed (see Theorem 1 in [3] ) that if φ(t) is an orthonormal scaling function of bounded interval band region satisfying
−s ) with s > 1, then φ(t) has the oversampling property of rate N for any N ≥ 1. However, there is a gap in the proof of their claim.
In this work, we find a characterization of stable scaling functions with compact band regions, which have the oversampling property. As a particular case, we characterize stable scaling functions of bounded interval band region which have the oversampling property.
Main Result
] be the discrete Fourier transform of c. We define the Fourier transform by
, let supp f be the support of f as a distribution on R (cf. [7] ), that is, R \ supp f is the largest open subset of R on which f (t) = 0 a.e. For any φ(t) ∈ L 2 (R), let
Then {φ(t − n)} n∈Z is a Riesz sequence, that is, it is a Riesz basis of its closed linear span V(φ) := span{φ(t − n) : n ∈ Z} if and only if there are constants
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In the following, we always assume that φ(t) is a stable scaling function of an MRA {V j } j∈Z such that suppφ is compact. Let [a, b] be the smallest closed interval containing suppφ. Then φ(t) ∈ PW σ with σ = max(|a|, b) so that sup R C φ (t) < ∞ by the Plancherel-Pólya inequality (see Theorem 6.10 in [8] ). Let φ(t) = n∈Z p(n)φ(2t − n) with {p(n)} n∈Z ∈ l 2 be the scaling relation of φ(t). Then
where
On the other hand, iterating (4) gives that for any integer
where R 0 (ξ) := 1 and R N (ξ) :=
Moreover, by (5), we have
which gives the relation
since suppφ is compact. Hence, by (6) and (7), we have
so that for any n 0,
where (c * φ) (t) :
Proof. See Lemma 7.2.1 in [5] and Lemma 2.2 in [9] . 
Lemma 2.2. For any integer N
Moreover, if φ(t) has the oversampling property of rate N, then φ(t) has the oversampling property of rateÑ for anỹ N ≥ N.
Proof. First note that for any integer N ≥ 0,
by Lemma 2.2 and (5). Assume that φ(t) has the oversampling property of rate N, i.e., (3) holds. In particular,
Then by (5), (11) and (12) 
Since {φ(t − n)} n∈Z is a Riesz basis of V 0 , we then have R N (ξ) = R N (ξ) n∈Zφ (ξ + 2nπ) a.e., which implies (10) . Conversely assume that (10) holds. Then
where we can see easily for f (t) = (c * φ)(t),
Then for any f (t) = (c * φ)(t) ∈ V 0 with c ∈ l 2 ,
As a result, the relation (3) follows by Fourier inversion. Hence φ(t) has the oversampling property of rate N. Finally the last claim follows since E N is decreasing with N.
For band-limited scaling functions, we have a simpler necessary and sufficient condition for the oversampling property. (14) . Hence the claim follows immediately from Proposition 2.3.
As a consequence, we have a complete characterization of stable scaling functions with bounded interval band regions, which have the oversampling property. Proof. First (a) follows from Theorem 2.4 with N = 0. Using (6) and (7), we have that for any integer N ≥ 0
is increasing for N ≥ 1, we have b − a ≤ Chen and Itoh [3] considered the oversampling property for an orthonormal scaling function φ(t) with bounded interval band region satisfying φ(t) = O((1 + |t|) −s ) for some s > 1. For such a scaling function φ(t), the authors claimed that φ(t) has the oversampling property of rate N for any N ≥ 1 (see Theorem 1 in [3] ). However, this claim cannot be true as we now see. Assume that Theorem 1 in [3] holds and φ(t) is such a scaling function having the oversampling property of rate N for any N ≥ 1. Then by Corollary 2.5 (b),φ(ξ) = 1 a.e. on [ 
